In some exterior domain Gof the Euclidian p-space lI8r the Dirichlet boundary value problem is considered for the equation (L + J?)~u = f, where L is a uniformly elliptic operator and K is a real number different from 0. It can be shown that each solution u of this equation splits into u = ~1 &u, + ur , where ai and ur satisfy Helmholtz equations. Asymptotic conditions for u are formulated by imposing Sommerfeld radiation conditions on ul and u2 . If ur and ua are assumed to satisfy the same radiation condition, we prove a "Fredholm alternative theorem." If ur and u2 satisfy different radiation conditions, existence and uniqueness of the solution can be shown, provided the space dimension p is greater than 2.
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NOTATIONS AND INTRODUCTION
In some exterior domain G C W let L(x, a) u(x): = ~,(u,~(x) 3j~(x)) + c~(x) 24(x) (sum convention!) (1) be a uniformly elliptic symmetric operator. The bounded real valued functions u,~ = uji and a resp. belong to C3(G) and Ca(G) resp., and satisfy the following asymptotic conditions for ] x I--+ co:
c+(X) -s,j = O(l x 1--3/2-q (2) alu,i(x), a,amaij(x) = O(l x l-5/2--.), jm(G): = {o: +I E fim(G) for all # E Com(iW)} (resp.: Jn2(G)),
F: = (f: (1 + I x l)vf~b(G)I; i? = {f E F: Af E F in the distribution sense}.
If K E [w -(0) and f, &EL?(G) we prove in Section 2, that each weak solution u [1, Definition 6.21 of
can be split in a unique way into u ==z flu, + u2 ,
where u, (u = 1, 2) satisfy the equations
weakly. Here g, is determined by f and g, by the pair (f, ui) in such a way that fgP implies g, c F. Under the assumption g, E F Jager [3] proves an existence and uniqueness theorem for the problem, given by Eq. (IO), an inhomogeneous Dirichlet boundary condition and the Sommerfeld radiation condition. Therefore one may formulate asymptotic conditions for solutions of (8) by imposing Sommerfeld radiation conditions on u, .
This leads to the following definition:
1.1. DEFINITION. Let f~fl and K E R -(0). A solution of the Dirichlet problems W(f, K) and P(f, K) resp. is a function u E y,(G), which solves (8) weakly and satisfies the radiation conditions (i) Du, -i~ur EL,(G'),
(ii) Du, + ha2 EL,(G') resp. Du, -im2 ELM, for each G' < G. Here D(x, a): = / x 1-l xiaijaj , and G' < G means that the domain G' is contained in G and has positive distance from the boundary aG of G.
The splitting (9) was first given by Subeika [6] in the case L = d. Existence and uniqueness theorems for the problem g+(f, K) are proved by Teschke [7] under the assumptions that p > 2, and f(x) = 0 and L(x, a) = d for large / x 1 . As far as we know there exists only a very special result for the problem
an existence and uniqueness proof by Teschke [7] if G is the complement of a ball in R3 and L(x, a) = A.
In this paper we give a proof of a "Fredholm alternative theorem" for g-(Section 4) and of an existence and uniqueness theorem for g+ (Section 5).
In this last case one must assume p > 2, as an example by Teschke [7] shows.
The existence theory is based on a Fredholm-type theorem, which is proved in Section 3 by an alternating technique similar to that used in [S] to treat the exterior oblique derivative problem for the Helmholtz equation. This technique is a modification of the method, used by Leis [4] in order to combine Hilbert space and integral equation methods. In Section 6 we briefly mention some results for higher order equations.
THE SPLITTING OF THE SOLUTION
The following commutation rules are proved by simple computation: From these rules we get the splitting theorem: THEOREM 2.1. For some domain G' C G let f and Af belong to Lp(G').
Then the following two assertions hold:
are weak solutions of
(ii) If, on the other hand, u, and u2 are weak solutiorzs of (14) and (15) resp., then u: = Au, + u2 is a weak solution of (8) and
Proof. [l, Theorem 6.31 implies that each weak solution ur of (14) is in Hp(G") and so Au, is in HP(G).
Considering (11) and the fact that
is the formal adjoint of A, Au, is easily seen to be weak solution of
To prove (i), [l , Theorem 6.31 is used to show u E Hp(G'). Then u1 belongs to Wp'(G') and is obviously a weak solution of (14). The assertion then follows from (17). To prove (ii), we get from [l, Theorem 6.31 u1 , ug , flu, E HpC(G'). But then with + E Com(G'):
i.e., u is a weak solution of (8). A straight forward computation yields
As a corollary we get with K > 0 independent of cr. Here G stands for a first or second derivative of v, and C?U is that cube, which is built up by C, and the 3" -I cubes surrounding C, . From this estimate we get with K' > 0 depending on K and p: ilU + I x I>" 6 II 0.G' < K'{Il(l + 1 x il" v 1lO.G + Iit1 + / x iJ"f /!O.Gh which proves the lemma. Now let G' be any exterior domain contained in G. Jlger [3] proves, that for each g E F and h E H,(G') there exists a uniquely determined solution v of the Dirichlet problem 9(g, h, K), given by (18)- (20):
Dv -iKv EL,(G').
Jager's proof implies (1 + 1 x I)--(1+E)/2 v EL,(G). Therefore we get from Lemma 2.3: 
The proof must first be done for u = 1 and then for c = 2 in order to know the asymptotic behavior of Mu, .
In the following, if u solves (8) weakly, ur and u2 will always denote the "components" defined by (13). 
0 and r resp. being linear operators from fl and H,(G,) resp. into H,(G,). 
Since the boundary a.2 is smooth, functions in H,(Z) and their first derivatives resp. possess traces in H,(Z) and L,(X) resp., and the following partial integrations are possible (here ni denotes the ith component of the outward unit normal):
-n,aij8,a -n,aijajw, * W) do The second term is a tangential derivative of wr and vanishes because of (30). Since aijx,xj > 0, (34) implies w1 E 0 in 2. Therefore w = w2 , and because of (31) w2 can be continued by 0 to some 2ir, E H,(e), which solves (L + K") 6, = 0 in e in the classical sense by Weyl's Lemma.
Hence 0 = w2 = w in 2 because of [5] , which proves the lemma. 
THE CASE OF EQUAL RADIATION CONDITIONS
In this section we prove a "Fredholm alternative theorem" for 5%(f, K). The part of the adjoint problem to 9-(., K) is played by .9-(., -K), which is the problem with the opposite radiation conditions. Denote by J+'" and N* resp. the space of solutions for s-(0, K) and g-(0, -K) resp. Let 0, r be the operators, constructed in Section 2 with respect to ZP(., K). We shall prove the following: So it is sufficient to show, that for R ---f co we have
we get
Partial integration in the first integral yields Here the first integral vanishes identically and the second one tends to 0 as R tends to co, since it can be estimated as in (38) . Hence the lemma is proved. We now prove Theorem 4. To prove (41) we define 4s as in (35) and get:
Since the first integral is real, the imaginary part of the second integral vanishes. We integrate the first term of the sum in the second integral by parts. Considering (37) and commuting D and .A by (12), we get: The first and the last integral tend to 0 when R tends to co, for they can be estimated as in (38) and (39) resp. By partial integration of the first term of the second integral, this integral can be transformed into -Im s Z(R) (R-Q + -4) $R') * u@u; dx -Im s Z(R) R-l$,'(Au, . Diil + Du, . Au;) dx.
Here the second integral is real. Therefore we get finally for R + co:
Because of (37) and the identity wegetforR-+oc:
where partial integration was used to obtain the second equality. The first two integrals are real. Integrating the third integral by parts we get finally for R+ co:
This proves (41), since the second integral is real.
HIGHER ORDER EQUATIONS
Assuming that the coefficients of L and f are sufficiently smooth and possess a suitable asymptotic behavior for 1 x 1 + cc, one can split solutions u of P(L) u =f, where gj, are sufficiently smooth functions with a suitable asymptotic behavior. gj, is given by f and those Uio , for which (i, u) is lexically greater than (j, v). Thus (44) can be considered as a "triangular" system of differential equations.
If on the other hand functions uj, solve the "triangular" system (44) they may be used to construct a solution of (42) by (43).
Therefore one may formulate asymptotic conditions for u by imposing Sommerfeld radiation conditions on uj, . The uj, , by the way, can be obtained by applying some differential operators Njy to u. In the case G = IFP Eq. (42) therefore has exactly one solution satisfying the previous asymptotic conditions. For in this case (42) and (44) are equivalent.
But there is the difficulty that the operators Njy are not uniquely determined so that many splittings of the form (43) (44) are possible. However it can be shown that all those splittings yield the same solutions.
